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Abstract 



We consider a 2D system that models the nematic liquid crystal flow through the Navier- 
Stokes equations suitably coupled with a transport-reaction-diffusion equation for the aver- 
aged molecular orientations. This system has been proposed as a reasonable approximation 
of the well-known Ericksen-Leslie system. Taking advantage of previous well-posedness re- 
sults and proving suitable dissipative estimates, here we show that the system endowed 
with periodic boundary conditions is a dissipative dynamical system with a smooth global 
attractor of finite fractal dimension. 
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1 Introduction 



We consider the following hydrodynamical system that models the nematic liquid crystal flows 
(cf. e.g., 



vt + v-Vv - vAv + VP 

= -AV • [Vd 0Vd+ a(Ad - /(d)) ® d - (1 - a)d <g> (Ad - /(d))], (1.1) 

V-u = 0, (1.2) 

ck + (v- V)d - a(Vv)d + (1 - a){W T v)d = 7 (Ad - /(d)), (1.3) 
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in Q x (0, oo) . Here, Q is a unit square in R (the more general case Q = I1? =1 (0, Li) with different 
periods Li in different directions can be treated in a similar way). The state variables v, d and 
P represent, respectively, the velocity field of the flow, the averaged macroscopic/continuum 
molecular orientations in M 2 and the hydrodynamic pressure. The positive constants u, A and 7 
stand for viscosity, the competition between kinetic energy and potential energy, and macroscopic 
elastic relaxation time (Deborah number) for the molecular orientation field, respectively. The 
parameter a G [0, 1] is related to the shape of the liquid crystal molecule. The symbol Vd Vd 
denotes the 2x2 matrix whose (i,j)-th entry is given by Vjd • Vjd, for 1 < i,j < 2. ® is the 
usual Kronecker product, e.g., (a ® b)ij = aibj for a,b G R 2 . f(d) = ^(j<i| 2 - i)d : M 2 (-)• M 2 
with 77 G (0, 1] can be seen as a penalty function to approximate the strict unit-length constraint 
\d\ = 1, which is due to liquid crystal molecules being of similar size (cf. [14]). This approximation 
fits well with the general theory of Landau's order parameter (cf. [13]) and the Ginzburg-Landau 
type energy is also consistent with the model on variable degree of orientation (cf. [8]). It is 
obvious that f(d) is the gradient of the scalar valued function F{d) = 4^?(|d| 2 — l) 2 : M 2 1— > 1L 
In the present paper, we consider system (jl.l|) - (jl.3|) subject to the periodic boundary con- 
ditions 

v(x + ei) = v(x), d(x + ei) = d(x), for x £ I 2 , (1.4) 

where unit vectors (i = 1,2) are the canonical basis of M. 2 . Namely, v,d are well defined in 
the 2-dimensional torus T 2 = M. 2 /Z,. Besides, we have the initial conditions 

v\ t =o = vq(x) with V • v = 0, d\ t =o = d (x), for x G Q. (1.5) 

Well-posedness issues for problem (|l.ip - (jl.5p for a G [0, 1] have been studied in [25] (see also [22] 
for the case a = 1 and [15}I26| for the general Ericksen-Leslie model). More recently, the 
existence of a global weak solution has been proven in [2] with boundary conditions which are not 
necessarily periodic. Prior to these results, a number of papers (see, e.g., [SJSUSHHIITTHTS] ) have 
been devoted to the theoretical and numerical analysis of the highly simplified system studied 
first in [JJ]. In this case, the liquid crystal molecules are assumed to be "small" enough so 
that kinematic transport is neglected. However, such an assumption is physically questionable. 
On the contrary, system (|1.1|) - ([1.3|) accounts for the kinematic transport and also preserves 
dissipative properties expressed by a basic energy law similar to [13] (compare with [5]). Indeed, 
letting (v,d) be a classical solution to problem (|l.ip - (|1.5p . Multiplying equation (jl.ip with v, 
equation (|1.3p with — A(Ad — f(d)), adding them together and integrating over Q, we get (cf. 
also [15]) 

\t I {\v? + \\Vd\ 2 + 2\F{d))dx = - f (v\Vv\ 2 + \-/\Ad- f(d)\ 2 )dx. 

2 dt Jq Jq 

Taking advantage of this dissipative feature, in |25] it has also been proven that a given solution 
converges to a single stationary state and an estimate of the convergence rate has been obtained 
(cf. [23] for the simplified model). Here we want to show that the dissipative dynamical system 
associated with problem (|1.1|) - (|1.5|) possesses a global attractor with finite fractal dimension 
(see [T|I21] for the simplified model). Our argument is slightly nonstandard since we do not know 
whether the semigroup defined through the global solution of problem (jl.ip - (jl.5p is strongly 
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continuous on the phase space. Thus, we achieve our goal by observing that the semigroup is 
closed in the sense of [20] . 

The plan of the paper goes as follows. In the next section we introduce the functional setup, 
we recall the well-posedness results established in [25\ and we state the main theorem. Section [3] 
is devoted to prove a number of dissipative estimates that entail the existence of smooth compact 
absorbing sets in the phase space. This will yield the existence of the global attractor. Finally, 
in Section^ we prove the finite dimensionality of the global attractor. 

2 Preliminaries and Main Result 

We recall the well-established functional setting for periodic boundary value problems (cf. e.g., 
[231 Chapter 2], also [22]): 

H?(Q) = {v £ H m (R 2 ,R 2 ) | v(x + ej) = v(x)} , 
H™(Q) = H™{Q) n L ; J v(x)dx = J , 

H = {v £ Ll(Q,R 2 ), V -v = 0} , where L 2 p (Q,R 2 ) = H°(Q), 
V = {veHliQ), V-v = 0}, 
V' = the dual space of V. 

For the sake of simplicity, we denote the inner product on L 2 (Q, M 2 ) as well as H by (•, •) and the 
associated norm by || • |[. The space H m (Q, R 2 ) will be shorthanded by H m and the H m -imiev 
product (m G N) can be given by {v,u)n m = Y2^\=o(D K v, D K u), where k = («i,..., ac^) is a 
multi-index of length |«| = Y17=i K i ano - D K = d^,..., d£". For any m € N, m > 2, we recall 
the interior elliptic estimate, which states that for any U% CC U2 there is a constant C > 

depending only on U\ and U2 such that ||d||H m (i7i) — C(ll^^ll_f/ m - 2 (c/2) + II^IIl 2 (C/2))- ^ n our case ) 
we can choose Q' to be the union of Q and its neighborhood copies. Then we have 

||d||iF»(Q) < C {\\M\\ Hm -2 {QI) + \\d\\ L 2 {QI) ) = 9C (||Ad|| H — »(o) + \\d\\ L 2 (Q) ) . (2.1) 

Following [23J, one can define mapping S (Stokes operator in the periodic case) 

Su = -Au, Vue D{S) := {u G H, Au G H} = H 2 n H. (2.2) 

The operator S can be seen as an unbounded positive linear self-adjoint operator on H. If D(S) 
is endowed with the norm induced by Hp(Q), then S becomes an isomorphism from D(S) onto 
H. More detailed properties of operator S can be found in |23j . 

We shall denote by C the genetic constants depending on \,j,v,Q, f and the initial data. 
Special dependence will be pointed out explicitly in the text if necessary. Since the parameters 
is, A and 7 do not play important roles in the proof when n = 2, we just set z^ = A = 7 = lin 
the remaining part of the paper. 

We now report the global existence of strong/classical solutions to problem (jl.ip - (|1.5p for 
a £ [0, 1] proven in [25] (see [22] for the special case a = 1). 
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Proposition 2.1. Assume n = 2. For any initial data (vo,do) G V xH 2 (Q), problem (|l.ip - (|1.5p 

admits a unique global solution such that 

v G L°°(0, oo; V) PI L 2 OC (0, oo; D(S)), d e L°°(0,oo;H 2 ) n L 2 oc (0,oo;H 3 ), (2.3) 

Moreover, v(t),d(t) G C°°(Q) /or a// t > 0. 

In [25], the following continuous dependence result on the initial data has also been obtained. 

Lemma 2.1. Suppose that (vi,di) are global solutions to the problem (|l.ip - (|1.5p corresponding 
to the initial data (t>oi,c?oi) G F x H 2 (Q), i = 1,2, respectively. Moreover, assume that the 
following estimate holds for any T > 

\\vi(t)\\v + ||*(t)||ir» < M, Vt G [0,T]. (2.4) 
TTien /or any £ G [0, T], we /taue 

||(«1 " v 2 )(t)\\ 2 + IK* - d 2 )(t)\\ 2 m + /*(||V(«i - « 2 )(r)|| 2 + ||A(dx - d 2 ){r)f)dr 

Jo 

< 2e ct (\\v 01 - v 02 \\ 2 + \\d i - d 02 \\ 2 H i) , (2.5) 

where C is a constant depending on M but not on t. 

Therefore, problem (|l.ip — (|1.5p has a unique strong solution. On account of the stated results, 
we are able to define a semigroup by setting (v(t), d(t)) = H(t)(vo,do), for all t > and for 
any (vo,do) G V x H 2 , where (v,d) is the solution to (|l.l|) - (|1.5p . 

Remark 2.1. We are not able to prove that £(£) is Lipschitz continuous from V x H 2 toVx Hp. 
However, thanks to (|2.5p . E(t) turns out to be a closed semigroup in the sense of [20]. 

The dynamical system (V x H 2 , £(£)) is a gradient system since it has a global Lyapunov 
functional 

m = \\Wt)\\ 2 + \\\Vd(t)\\ 2 + f F(d(t))dx, (2.6) 
which satisfies the following basic energy law (cf. p!6}[22]) 

j t £(t) = -\\Vv(t)\\ 2 ~ ||Ad(t) - f{d(t))\\\ Vt > 0. (2.7) 

The main result of this paper is as follows: 

Theorem 2.1. (V x Hp, £(£)) possesses a connected global attractor A with finite fractal di- 
mension that is bounded in (V fl Hp) x Hp +1 for any given s G N, s > 2. 

Remark 2.2. Due to the existence of global Lyapunov functional £, a well-known result entails 
that A coincides with the unstable manifold of the set of equilibria (cf. e.g., [28]) . Moreover, 
on account of Proposition \2A\ (see also Proposition \3.S\) . we have that A C {C°°(Q)) 2 . 
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3 Dissipative Estimates 

We begin to prove the first basic dissipative inequality that is a direct consequence of the basic 
energy law (|2,7p . 

Lemma 3.1. There exist constants Cq > 0,k > independent of initial data (vo,do) such that 

^£(t) + n£(t) <C , W>0. (3.1) 

Proof. Set 

g = -Ad + /(d). (3.2) 
Multiplying (|3.2p by d, integrating over Q and using the periodic boundary condition, we get 

J||Vd|| 2 + [ (|d| 4 - \d\ 2 )dx = [ g-ddx. 
2 Jq Jq 

By the Young inequality, we have 

f \d\ 2 dx< 1 - I' |d| 4 dx+||Q|. (3.3) 

J (J J (J 



Then it follows that 



\\\Vd\\ 2 +! \ d \Ux <\\\gf + \\\d\\ 2 <\ I \d\*dx+ l -\\g\\ 2 + l\Q\. (3.4) 

J Q J Q 

Thus, we obtain 

l\\Vd\\ 2 + [ F(d)dx<\\Vd\\ 2 + [ \dfdx<?-\Q\ + \\-Ad + f{d)\\ 2 . 
2 Jq Jq 4 

On the other hand, we have the Poincare inequality for v € V that \\v\\ < Cp ||Vw||. As a result, 
we can see that there exist constants Co > 0, k > independent of initial data (vo,do) such that 

n£(t) < \\Vv\\ + \\- Ad+ f(d)\\ 2 + C , 

which together with (fX7|) yields (j3TT]) . □ 

For any R > and (uq ; do) £ V x il^ satisfying 

IboH/fi + < R, 

it is easy to infer from Lemma 13. II the following 

Proposition 3.1. There exists a time to = to(R) and positive constants Mi,M 2 independent of 
R such that 

Ht)f + \\d(t)f Hl <Mi, Vt>t , (3.5) 

and ^ ^ 

J {\\v(r)\\ 2 Hl + \\d(T)\\ 2 H2 )dT<M 2 , Vt>t . (3.6) 



Proof. It easily follows from (|3.ip that 

S(t) < £(0)e~ Kt + — , Vt> t . 

K 

Taking 

t := -|ln£(0) + m«- lnC |, 

we have for all t > to? 

£(t) < 

This and (|3.3p . (|3.4|) implies that there exists Mi independent of -R such that (|3.5p holds. Next, 
from (|2.7p we see that 

t+1 n/o 

(I|V^(t)|| 2 + || - Ad(r) + f(d(T))\\ 2 )dr < £(t) < — °-, Vt > t - (3.7) 
Using ()3,5p and the following inequality 

\\d\\ H2 < C(\\Ad\\ + \\d\\) < C (|| - Ad + /(d)|| + \\d\\ 3 H1 + Hdll^) , (3.8) 
we obtain the existence of Mi such that (|3.6p holds. □ 
Let us now set 

A(t) = \\Vv(t)\\ 2 + \\Ad(t)-f(d(t))\\ 2 . (3.9) 
In [25] the authors proved a higher-order differential inequality uniform in a € [0,1], namely, 

Lemma 3.2. The following inequality holds for the classical solution (v,d) to problem (|1.1|) - 
(USD: 

^A(t) + ||Aw(i)|| 2 + ||V(Ad(t) - f{d(t)))\\ 2 < C [A 2 (t) + A(t)], Vt > 0, (3.10) 
where C is a constant depending on \\vo\\, H^olljf 1 an d is independent of a. 
Using (|3.5|) . we can immediately deduce 

Lemma 3.3. The inequality (|3.10p /toWs for the classical solution (y,d) to problem (|l.ip - (|1.5p 

/or i > to, with C being a constant that only depends on M\. 

As a result, we have 

Proposition 3.2. There exists positive constants M^^M^ independent of R such that for all 
ti '■= to + 1, the following uniform estimates hold 

\\v(t)\\ 2 Hl + \\d(t)\\ 2 H2 < M 3 , Vt>ti, (3.11) 
t+i 

{Mr)\\ 2 H 2 + \\d(r)\\ 2 H3 ) dr < M 4 , Vt>h. (3.12) 



Proof. It follows from Lemma 13.31 (|3.7p and the uniform Gronwall inequality that 

A(t + 1)<— Vt>t . (3.13) 

K 

Then by (|3.5[) and ()3.8|) . there exists M3 independent of R such that ()3.1ip holds. Besides, we 
infer from Lemma 13.31 and (|3.13p that 

t+1 (||A V (r)|| 2 + ||V(Ad(r)-/(d(r)))|| 2 ) ( ir 



< A(t) + C sup {\\A{s)f + \\A{s)\\) 

se[t,t+i] 

< M 5 , Vt>ii:=t + 1, (3.14) 



where M5 is independent of R. Since 



\ H 3 < C(\\VAd\\ + \\d\\ H 2) 

< C(||V(Ad-/(d))|| + ||V/(d)|| + ||c/|| ff2 ) 



< 



C{\\V(Ad-f(d))\\ + \\df H2 + \\d\\ H2 ), (3.15) 



we can infer from (|3.14|) and (|3.11|) that (|3. 12|) holds. The proof is complete. □ 
Hence we have 

Theorem 3.1. The dynamical system (V x Hp, S(t)) has a bounded absorbing set in the phase 
space V x Hp. Namely, for any given R > and each initial data (vo,do) in the ball 

B R := {(v ,d ) G V x H 2 p : ||uo||^ + ||d ||^ 2 < R) , 

there exists Bq C V x Hi whose radius is independent of R such that (v(t), d(t)) = T,(t)(vo, do) £ 
B for all t > h(R). 

We now prove some uniform higher-order estimates for the global solution (v,d). For this 
purpose, we will take advantage of the following (cf., e.g., [12]): 

Lemma 3.4. When s>2, H s is a Banach algebra. Assume that f,g G H s . Then we have 

\\fg\\H* <C(\\f\\ L ~\\g\\ H s + \\f\\ H s\\g\\ L ^), 
where the constant C is independent of f,g. 

Lemma 3.5. For any s £ N, s > 2, the solution (v,d) satisfies the inequality 

J t [\Hh + \\df Hs+ ,) + \\vf H3+1 + \\d\\ 2 Hs+2 < J(t), Vt>0, (3.16) 

where J is a positive function only depending on the norms \\d(t)\\ H 2 and \\v(t)\\}ji as well as 
on the parameter s. 



Proof. Taking the H s inner-product of (jl.ip with v and adding the H s+1 inner-product of (|1.3 
with d, we obtain 



5^(IHIIr. + lftfi) + llVt>||^ + ||Vd||^i 
= -(«,«• Vt)) fls - («, V ■ (Vd Vd)) H s - a(v, V • [(Ad - /(d)) d])n- 

+(l-a)(w,V- [d(8>(Ad-/(d))]) H « - (v-Vd,d} H s+i 

+a{d ■ Vv, d) H s+i - (1 - a)(d ■ V T v, d) HS+ i - (/(d), d) H s+i . (3.17) 

Arguing as in Proposition 13.21 we can easily show that if vq € V and do £ H 2 , then the uniform 
estimates holds 

\\v(t)\\ H i + \\d(t)\\ H 2 <C, Vt>0, 

where C > depends on H^oIIh 1 and ||do||#2. 

Using Agmon's inequality and suitable interpolation inequalities, we have 



Loo < C\\d 



H 2 

\\Vd\\ L oo < C\\d\\l 3 



||Ad|| L =c < 



C| 

< c 



IMIi/°° < 
||Vu||loc < C| 



^||h s < 

< c 



1 
2 



1 

2 

\ H 2 
1 

i 



— c|MI//s+i \\v Wiji > 

■2+k 2—k 
<+2 l|d|| ff 2 



\d\K 

|d|| a <C||d||f s+2 ||d||jf 
|d|| 2 <C\\d\\i s+2 \\d\\^ 
\v\* <C\\v\\j° s+1 \\v0\\ 

I I 3-1 

1 



1 

I Hi) 



H 2 ' 

■^n „1 

21 M 2 



\\d\\ H! 

Then we can apply Lemma 13.41 to deduce 



k = 1,0,-1. 



IMU° 



\{v,v ■ Vv)h*| 

< C(||«||icc||V«||H.H 

3 + 1 3-1 

< Cllwllfli+ilbllff" lb 

< e||u||h*+1 + C e { \\v || hi \\ v II ^ + IMIhT 1 l' w 



= ||Vu||loo||i;||h 

2a+l 3s- 

I + chIh 2 4iNIh 2 i s 

2* 6s -" 



3s-l 

2s Will 



43 

2s-l 



| (v, V • (Vd Vd))n« I = I (Vv, Vd Vd)n* | 
< C|| Vw||i~ || Vd||£,~ ||Vd||jT- +C||V«||jH|W||j 



< C\\v\ 



H«+i I 



2s-l 
I 2s 

Ih s + 2 



s-1 s+1 



v\\ H \ \\d\\$ 11^11^ + C||«|| H . + i||d||| r 



s+2 I 



< e\\v\\ 2 HS+1 + e\\d\\ 2 Ha+2 + C E 



4(3-1) 

I 23 + 1 

Ih 1 



2s+2 



H 1 



+ 



3-1 

Ih 2 

\h¥\\P 



\h 1 



| (v • Vd, d) H s+i | 
< <7||«|| L oo||Vd|U«.||d||^i +C||u|Uoo||Vd|| H .+i| 
+C|M| ff s+i||Vd|| I/ oo||d|| i o 
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< c\\v\\% +1 \\d\\^ 2 \H^t IIHI^NIlS'lldllla 
+C||«||i +1 ||d||^. +a ||«||^||t;||5||d||| 3 ||d||i 
+C|b||^ +1 || ( i||f s+2 ||d||^ i ||d||| 1 ||d||5 

< elMII ~\M\\d\\ H % \\d\\ m 
+Q|b||ff ! ||HI^||4?ll4^ + ^l|rf|l| 2 ||rf|l# T ||d|l^ ! 



\(f(d),d) H s+i\ 

< C {\\d\\ L ~\\d\\ Ha+1 + \\d\\ 3 Lao \\d\\ Hs+1 ) 

< c\\d\\%\\d\\i 2 m\U d \\" + IMIlLlMII 1 ) 

— 

< e||d||^. +a +c £ ||d||5 T (ni| 2 ||# + Nll| 2 NI|tj 8+1 • 

It remains to estimate the other four terms involving the parameter a on the right-hand side of 
(l3~TT)l . We notice that 

-a(v, V • [(Ad - /(d)) <g> d]) + a(d • Vv, d)# s +i 
= a(Vv, (Ad - /(d)) <g> d) H s + a(d • Vv, d) H s+i 

= -a(Vv,f(d)<g>d) H ° +a(Vv,Ad®d) H s +a(d-Vv,d) Hs +i. (3.18) 
The first term is estimated as follows 

a\{Vv,f(d)®d) H °\ 

< C\\X7v\\ L oo(\\d®d\\ H s + |||d| 2 d®d|| //s ) + C||Vw||^||/(d) ®d|| LO o 

< C||d||^||V^|| i oo||d||^+C||d||| o||V^||^||d||^+(7||V W ||i ? a(||d||| 00 + ||d||t 00 ) 

:= h + h + h, 

where 

h < C'||d||| a ||d||3|| V |||. +1 ||i;||g 1 ||d||^. 3 [|d||| a 

< elldll^+e^ll^+Cell^ll^lldll^lldll^T, 



h < ciidii| 2 iidiiiibii| s+ ^iHi7NiiX 2 ii d iiL 

< e\\d\\ 2 Hs+2 +e\\v\\ 2 Hs+1 + C e \\v\3^\\d\\^ 



h < C||HI^ +1 (||dk 2 ||d|| + ||d||^ 2 ||d|| 2 ) 

< ^ll^+Cdldll^lldf + Udll^lldll 4 ). 

For the remaining two terms in ()3.18[) . we have 

a(Vv, Ad (g) d)n a + oi(d ■ Vv , d) H s+i 
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a(Vv, Ad <g> d) H s-i + a ^ (Z^Vv, Z) K (Ad ® d)) 



+a(d- Vv,d) H s +a ^ (D K (d ■ Vv), D K d) 



\k\=s+1 

a(Vv, Ad <g> d) H s-i + a(d • Vv, d) H * + a ^ (D K Vv, D K Ad <S> d) 

\k\=s 



+a Y Y- C K £{D K Vv,D^Ad® D K -*d) 



-a^2{D K {d-Vv),D K Ad) 



a(Vv, Ad <g> d) H s-i + a(d • Vv, d) H s + a ^ (L>*Vw, D K Ad <g) d) 



+a Y Y C K)( (D K Vv,D^Ad®D K -^d) 



\ K \=s \€\<s-1,k>£ 

-a (d ■ D K Vv, D K Ad) 



~ a Y Y C K ^D K ~^d-D^Vv,D K Ad) 

\k\=s |£|<s-1,k>£ 

= a(Vv, Ad <8> d) Hs -i + a(d ■ Vv, d)n^ 

+a Y Y C K ^(D K Vv,D^Ad^D K -^d) 

\ K \=s \€\<s-1,k>£ 

~ a Y Y C K ^(D K -^d- D^Vv,D K Ad) 
\k\=s \£\<s-1,k>Z 
:= h + h + h + h, 

h < C\\Vv\\ L °o\\Ad®d\\ HS -i + WVv\\ HS -i\\Ad®d\\ L °o 

< C||V«||L~||Ad|| L oo||d|| H .-i +C||V«||Loo||d|| H .+i||d||L«» 
+C||«||H-||Ad|| LO c||d|| LO c 

< cm^+m&IM^M^ + c\\v\\j IS+1 \\d\&\M^\\d\\ 
+c\\v\\%M\is + M\iMy\\d\\ 1 * 

< e\\v\\ 2 H s+i + e\\d\\ 2 H s +2 



+Cs(\\v\\ H \ +1 \\d\\ H r +\\v\\ Hl ° \\d\\ H % \\d\\ + ||«||^||d||^ H| 



h < ciidiiiociivwii^ + ciidiiLooiivuiiLcoiidiiH. 
< c\\v\\ HS+1 \\d\\ H2 \\d\\ + c\\vd s+1 \M^ 



< e\\vf Hs+1 + e\\d\\ 2 Hs+2 + C £ \\df H2 \\df + IMI^ 1 ||d|| £ ||d||^i 





s+4 




J e ^ C Y Y ii^v^iin^Adii^p^dii^ 



\ K \=s \£\<s-1,k>£ 



10 



The term 



< C||u||# 3 + 1 [|d[|v^m+a,4||rf||v^»-m,4 

0<m<s-l 

< c\\v\\ H s + 4d\\^ +2 (\\d\\l 2 + \\d\\ H i) 

< e\\vf Hs+1 + e\\d\\ 2 Hs+2 + C e (\\d\\ 2 H2 + ||d||^ 2 ) 



h < C Yl \\ DKAd \\\\D^v\\ L 4D K -^d\\ L 4 

\ K \ =S i> K >£ 

< c||d||^ +2 2 |! u||iym+l,4||d|| 

0<m<s-l 

4s-2m-3 2m + l 2m + 3 2s-2m-l 

< c E IMI^+iNI„i s IHIffx 3 * 

0<m<s-2 

s-1 1 

+C||d|| Hs+2 1| v || H s s+1 |M| s m \\d\\ H 2 

< e\\v\\ 2 Hs+1 + s\\d\\ 2 Hs+2 + C e (||d||g+ a + ||«|g+ a + ||cft) . 

(1 - a)(v, V • [d ® (Ad - f(d))]) H ° - (1 - a)<d ■ V T t;, d) Hs+ i 



can be treated exactly as in ([3.18]) and ()3.19p . On the other hand, the interpolation inequalities 
and Young inequality yield that 

\\v\\h s < e||w||fl-»+i + Celbllifi) IMIffH-i < e||d||^ a +2 + C £ \\d\\ H 2. 
Collecting all the above estimates and taking e sufficiently small, we obtain 

j t {hWls + \\d\\ 2 Hs+1 ) + \\vf Hs+1 + ||d||^ +2 < J(t), (3.20) 
where J(t) depends only on ||v(i)||#i, ||d(i)||#2 and s. □ 

Remark 3.1. Since a £ [0,1], it is easy to realize that the higher- order differential inequality 
(|3.16p is uniform in a. 

Proposition 3.3. For each s £ N, s > 2, i/zere exis£ positive constants Mq,Mj independent of 
R such that for all t s := to + s, the following uniform estimates hold 

\\v(t)\\ 2 H s + \\d(t)\\ 2 Hs+1 < M 6 , Vt>t s , (3.21) 

and 

rt+i 

J (|| U (r)||| s+1 + ||d(r)||^ +2 )dT<M 7 , Wt>t s . (3.22) 

Proof. By (j3.11fl . we can see that inequality (|3.16p holds for t > t\, with J(t) being uniformly 
bounded by a constant Jo = Jo (Mi, s) depending only on Mi and s. We argue by induction on 
s. For s = 2, it follows that 

-t+l 



/t+x 
J{r)dr < J (Mi,2), Vt > *i. 
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We conclude from (|3.12p and the uniform Gronwall inequality that 

Hi + 1)11^2 + \\d(t + 1)||^3 < M 4 + J (Mi,2), Vi>ti. 

For t > £2 := *i + 1) integrating (|3.16p from t to i + 1, we obtain 
/•t+i 

y (lk(r)||^ 3 + ||d(T)||^ 4 )dr < M 4 + 2J (Mi, 2), Vi>i 2 :=ti + 1. 
Assume that for s = k, we have the following uniform estimates for t). := t\ + A; — 1: 

IK*)IIh* + NWIIfffc+i ^ ^1. vt ^ **> ( 3 - 23 ) 

y {\\v(r)f Hk+1 + \\d(r)\\ 2 Hk+2 )dr<K 2 , Vt>t k , (3.24) 

where i^i and K 2 are constants independent of R. Then repeating the above argument, we can 
see that for t > t^+i ■= t\ + k, 

Ht)\\ 2 Hk+1 + |K*)||^ fc+2 < K 2 + J (Mi, k + 1), Vt > tfc+i, 

y (|b(T)||| fe+2 + ||d(T)||| fe+3 )dr <if 2 + 2Jo(Mi,A; + l), Vi>i fc+ i. 

The proof is complete. □ 

Proposition 13.31 implies the existence of a compact absorbing set for our dynamical system: 

Theorem 3.2. For each s € N, s > 2, i/ie dynamical system (V x Hp,T,(t)) has a compact 
absorbing set bounded in the space (V D x Hp +1 . Namely, for any given R > and eac/z 
initial data (vQ,do) in the ball 

B R := {(v ,do) eVxH*: \\v f v + \\d \\ 2 H2 < R} , 

there exists B\ C (V H ijf) x -£fp +1 whose radius is independent of R such that 

(v{t),d{t)) = E(t)(v ,d ) e B h for all t > t s (R). 

4 Finite-dimensional Global Attractor 

To prove the existence of the global attractor, we make use of the following abstract result 
(cf. [201 Corollary 6]) 

Lemma 4.1. Let the closed semigroup X(i) has a connect compact attracting set K.. Assume 
also that £(i)/C C /C for every t sufficient large. Then S(i) has a connected global attractor A. 

Owing to the above lemma, we can take K, = B\ as in Theorem 13.21 and obtain the existence 
of the global attractor A. Its boundedness properties follow from Proposition 13.31 

It remains to prove that the attractor A has finite fractal dimension. First, we recall the 
definition of box-counting dimension. 
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Definition 4.1. Let X be a (relatively) compact subset of a metric space E. For a given e > 0, 
let N e (X) be the minimal number of balls of radius e that are necessary to cover X . Denote the 
Kolmogorov e-entropy of X in E by % e (X) = \og 2 N t (X). Then the fractal dimension of X is 
the quantity dimpX := lim sup e ^. \ og ■ e -i • 

Also, we report a general result that ensures the finite fractal dimensionality of a compact 
set, namely (cf., e.g., [27J Theorem 4.1]), 

Lemma 4.2. Let X be a compact subset of Banach space E. We assume that there exist a 
Banach space E\ such that E\ is compactly embedded into E and a mapping L : X — > X such 
that L(X) = X and 

\\L(xi) - L(x 2 )\\e 1 < c\\x 1 - x 2 \\e, V xi,x 2 € X. 
Then the fractal dimension of X is finite and satisfies 

d\m F X < Ki(B El (0,l)), 

4c 

where Be 1 {0, 1) is the unit ball at origin in E\. 

We now prove the following smoothing property: 

Lemma 4.3. For any given (i>oi,doi) & A, i = 1,2, the corresponding complete bounded trajec- 
tories (vi,di) satisfy the estimate 

\\(vi - v 2 )(l)f H2 + \\(dx - d 2 )(l)||^ 3 < C(||«oi - v 02 \\ 2 m + \\d 01 - d 02 ||^ 2 ) , 
where C is a constant depending on ||i>jo||i2" 3 an d 1 1 I Iff 4 - 
Proof. Denote 

v = vi - v 2 , d = di - d 2 , v = v i - vq2, do = d i - d 02 . (4.1) 
Since fa, di) are solutions to problem f|1.5[) . we have 
vit + v\ ■ Vv\ — vAv± + VPi 

= -V • [Vdi Vdi + a(Adi - /(di)) di - (1 - a)d x (Adi - /(di))], (4.2) 

V • vt = 0, (4.3) 
di* + Vl • Vdi - a(V«i)di + (1 - a)(V T wi)di = Adi - /(di), (4.4) 
v 2t + v 2 ■ Vv 2 - uAv 2 + VP 2 

= -V • [Vd 2 Vd 2 + a(Ad 2 - f{d 2 )) d 2 - (1 - a)d 2 (Ad 2 - /(d 2 ))], (4.5) 

V • v 2 = 0, (4.6) 
d 2t + v 2 • Vd 2 - a(Vt; 2 )d2 + (1 - a)(V T v 2 )d 2 = Ad 2 - f(d 2 ), (4.7) 

in Q x R. For s > 1, taking the .fP-inner product of v with the equation obtained by subtracting 
(|4.5p from fj4.2[) and the P s+1 -inner product of d with the equation obtained by subtracting ()4.7p 
from (|4.4|) . respectively, adding the two resulting equations together, we obtain 

^di + l|J|l ^ 3+1 ) + l|V ^" s + II W "H^ +1 
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= — (i> 2 • Vv, v)h° - {v ■ Vvi,v)h° - (Ad • VcIi,v)h° 

-(Ad 2 ■ Vd,v)H* + a(Ad® di,Vv)s s + a(Ad 2 <8> d,Vv) H s 

-a((f(d 1 ) - /(da)) di, Vu) H « - «(/(d 2 ) ® d, Vu) H , 

-(1 - a)(di (gi Ad,Vv) H ° - (1 - a)(d<8> Ad 2 ,Vv) H * 

+ (1 - a)<di $5 (/(di) - /(cia)), Vu)h. + (1 - a)(d ® /(d 2 ), V«)h. 

-(/(di) - f(d 2 ),d) fl-s+i - • Vd l7 d) Ha +i - {v 2 ■ Vd,d) H s+i 

+a((Vv)di, d) H s+i + a((yv 2 )d, d) H s+i 

-(1 - a)((V T w)di,d)^ s+ i - (1 - a)((V T t;2)d,d) Hs+ i. (4.8) 
Since .4 C (C°°(Q)) 2 , then (w i,4i) G # s x for any s > 2. We infer from (IXT6|) that 

\h< + II*(<)IIh.+i < (ll«0i|||r« + \\doi\\%+i) e"' + J, Vt > 0, 



where J depends only on ||di||#2 that are uniformly bounded by Lemma ET21 As a result, 

we have uniform- in-time estimates of the Sobolev norms of (vi,di) of any order s £ N. Using 
these higher-order estimates, it is not difficult to bound the right-hand side of (|4.8p as in Lemma 
3,51 (actually much simpler). We have 



r.h.s of (gSI) < e\\vf HS+1 + e\\df Hs+2 + C £ (\\vf HS + \\df HS+1 ) . 
Choosing e = I, we obtain that 

| (II* + \\df H s + ,) + \\v\\ 2 HS+1 + \\df HS+2 < K(s) {\\vf HS + \\df HS+1 ) . (4.9) 

where K(s) is a constant depending on ||«oi||.H'«+i an d ||<^oi ||i?«+ 2 a * most. 
Taking s = 1 in (|4.9p . it follows from the Gronwall inequality that 

Wmt* + \W)\\h* < e K(1)t {\\vof H i + \\do\\ 2 H2 ) , > 0, 

which implies 

\\\v(t)\\ 2 H * + \\d(t)\\b)*t < (l + (llfloll^ + \\d \\ 2 H2 ) . 

Next, taking s = 2, multiplying (|4.9|) by i and integrating in time from to 1, we obtain 

11^(1)11^ + 11^(1)1^3 

< f {wmwh + ¥{t)f H s) dt + k(2) f t (\\m\h + \\d®\M dt 

Jo Jo 

< (1 + tf(2)) (l + e*«) [\\v f H i + \\dof H2 ). 

The proof is complete. □ 
Taking 

X = A, E = VxH%, E x = (V nff p 2 ) x flj, L = S(l), 
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we can apply Lemma 14.21 to conclude that the global attractor A has finite fractal dimension in 
the H 1 x i7 2 -metric. The proof of Theorem 12.11 is now complete. 
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